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Nonlinear Behavior of Unidirectional and Angle Ply Laminates

R.S.Sandhu*
Air Force Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio

An analytical technique relating the response to failure of unidirectional off-axis and angle ply laminates to
the behavior of laminas under simple load conditions is presented. In the technique, cubic spline interpolation
functions are used to represent experimentally obtained stress-strain data. These data, in conjunction with in-
cremental constitutive relations and concepts of laminated plate theory, are employed to predict the behavior of
laminates under incremental loading. The onset of the failure condition is determined using a failure criterion
which is a function of both stress and strain states. The available experimental data are compared not only with
predictions based upon the present theory, but also with the theoretical results obtained using the techniques of
Petit and Waddoups and of Hahn. It is shown that experimental results agree most closely with the stress-strain
curves based upon the present theory than those obtained by the other two techniques.
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Nomenclature
= stiffness matrix of the laminate
= compliance matrix of the laminate
= ratio of stress increments
= stiffness matrix of the Ath ply relative to
the material axes 1,2

= stiffness matrix of the Ath ply relative to
the laminate axes X, Y

- indices
= material characteristic
= number associated with a reference ply in
a laminate

= indices associated with strain energy func-
tions

= increment of stress resultants
= stress increment cycle
= total number of plies in the laminate
= constant
= elements of the compliance matrix of the

ply
= indices
= transformation matrix relating the

material axes 1, 2, and the laminate
axesJC Y

= laminate coordinate axes
= angle between the load and the major

material axis 1
= increments of the strain component of the

ply
= increments of the strain components of

the laminate
= current strain components of the ply
= ultimate strain components of the ply in

simple loading
= shear strain in a ply
= major and minor Poisson ratios
= increments of the stress components of

the ply
= shear stress in the ply
= material axes of the ply
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I. Introduction

FILAMENTARY composite laminates are being used in
aircraft structural components in increasing numbers. For

the design to be satisfactory, it is essential to determine the
stress-strain behavior and the ultimate strength of the
laminates. This can be accomplished experimentally, but such
a procedure is both expensive and inconvenient, considering
the variety of laminates which can be fabricated. The other
technique is to relate analytically the properties of the lamina
to those of laminates. This method has been the subject of
many studies. ]~9 In all of these studies, the lamina stress-strain
response under simple loading conditions (uniaxial tension
and compression along and transverse to the material axes
and shear to failure) forms the basis.

In early attempts,1'4 linearity of stress-strain response was
assumed even though tests indicated significant nonlinear
behavior of the composite lamina under transverse and shear
loadings. Later on this restriction of linearity was relaxed.5"9

Petit and Waddoups used a piecewise linear representation of
the stress-strain curves. The loading is proportional and is ap-
plied in small increments to compute the current stress-strain
states. In this method biaxial lamina strains are used to obtain
tangent moduli from stress-strain data generated under simple
load conditions. Hahn6 proposed a method which allows only
for the nonlinearity of shear stress-strain response by an
equation

(1)

where o6, e6 are shear stress and shear strain and S66, S6666 are
constants. In this approach no distinction is made between
tensile and compressive behaviors fo the lamina, and
problems of failure are not dealt with. Hashin et al.8 used
Ramberg-Oagood parameters to represent the nonlinear
response of the lamina subjected to transverse and shear
loads. This representation of nonlinear response is similar to
Eq. (1). The behavior in the direction of fibers is assumed to
be linear. The failure of the lamina is based on either the stress
along the fibers exceeding a limit or the tangent modulus at-
taining a value less than a specified one.

The technique described below uses piecewise cubic spline
interpolation functions10"13 to represent the basic stress-strain
data. Cubic spline functions are simple to use. They yield
smooth composite stress-strain curves from which accurate
moduli of elasticity over the entire range of the curves can be
determined. This quality is especially desirable in the iterative
procedure used in this technique. An incremental constitutive
equation is used to relate the increments of stresses and
strains. Using the basic data, and the constitutive relations,
the ultimate cumulative response of the laminate under in-
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cremental loading is determined by plywise application of a
new failure criterion. This criterion is based upon the concept
that strain energies under longitudinal, transverse, and shear
loadings are independent parameters. The analytical response
obtained by three methods (the proposed technique and those
of Refs. 5-7) is compared with the available experimental
results.

II. Method of Analysis
To define the general incremental constitutive relationship

for anisotropic materials, it is assumed that a) the increment
of strain depends upon the strain state and the increment of
stress; and 2) the increment of strain is proportional to the in-
crement of stress. Using these assumptions, the incremental
constitutive law can be written as

dars (/J,r,s = 7,2,3) (2)

where deljf dors are strain and stress increments and SUrs is a
function of strains e/,-.

The incremental constitutive relation using contracted
notation for the lamina under generalized plane stress reduces
to

dei=Sij(ei)daj(lJ=l,2,6) (3)

Assuming that the lamina remains orthotropic at all load
levels, Eq. (3) can be written as

de2

or simply

where

S o o
// ^12 ^16
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$61 $62 $66

[ d e ] = [ S ] [do]

do2 (4)

(5)

do2,

6, de6

= normal stress and strain increments in the
fiber direction

= normal stress and strain increments in the
transverse directions

= shear stress and strain increments
= elements of compliance matrix representing

the average values during the increment of
stresses

Experimental results presented in Sec. IV indicated that the
assumption about orthotropic behavior of the lamina is
reasonable.

In the application of the incremental constitutive law to
multidirectional laminates, Eq. (5) for the kth ply is written as

[ d e ] , (6)

where
[ C] k — [ S] k

 l = stiffness matrix of the kth ply
[do] k = stress increment in the kth ply relative to

the material axes, 1,2
[de] k = strain increment in the kth ply relative

to material axes 1,2

The material axes 1,2 coincide with fiber and transverse direc-
tions, respectively. In the case of multidirectional laminates,
load axes X, Y generally do not coincide with the material axes
1,2. Stress and strain increments in two-coordinate systems
are related by a transformation matrix [ T] k, i.e.,

[de]k = [de]

(7)

(8)

where [da] k and [de] k are the stress and strain increments in
the A:th ply relative to the X, Y coordinate system. Sub-
stitution of Eq. (7) and (8) in Eq. (6) yields

(9)

where

[ C ] k = [ T ] k
! [ C ] k [T]k (10)

Assuming that stresses are disributed uniformly through the
thickness of each ply, the stress resultant increments [dN] in
Xt Y coordinates are given by

[dN] = [da] tk (11)

where

tk = thickness of the kih ply
p = number of plies in a laminate

Combining Eqs. (9) and (11), the stress resultant increments
become

[dN] = D tK [C]k [ d e ] , (12)

Assuming that the strain increments are the same for all plies
of the laminate, i.e.,

Eq. (12) becomes

where

Inversion of Eq. (14) yields

[ d N ] = [ A ] [de°]

[ d e ° ] = [ A ] ~ ] [dN]

(13)

(14)

(15)

(16)

In Eq. (16), [A] ~] represents average compliance proper-
ties of the laminate during the (n + l)ih load increment.
However, these properties are not known when the (n + l)th
load increment is applied. To overcome this difficulty the
elastic properties at the end of the nth load increment are used
in Eq. (16) to compute the laminate strain increments [de°]
and stress increments [da] k and strain increments [de] k in
plies. These stress and strain increments are added to stresses
and strains at the nth load increment to obtain the current
stresses and strains in the plies. However, the use of strain
components e} and e2 in plies under biaxial stresses to deter-
mine tangent moduli from stress-strain data generated under
simple load conditions is erroneous. For example, e2 under a
biaxial stress (alta2) corresponds to the curve ON (Fig. 1) on
the plane OEHG, whereas the simple stress-strain curve OM
lies on the plane OEDC. Since experimental stress-strain data
similar on ON are not available, it is assumed that, for each
ply, simple equivalent strain increments can be computed
from the following expressions (see Ref. 9):

de} lEq. =dej

de2 lEq. =de2/

where

v12 = major Poisson's ratio

(17)

(18)

B=-da2/daj
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Using the strains corrected for simple load conditions,
average elastic properties of the plies are determined and a
new [^4] ~l is computed. This procedure is repeated until the
difference between values of [de°] in two consecutive cycles
is reduced to the order of approximation desired. The
repetitive use of the procedure just outlined generates the
response of the laminates.

Ill. Failure Criterion
Under incremental loading the laminas reach a state when

they can no longer sustain additional loads. Determination of
this failure condition under general stress states is ac-
complished by a criterion. The criterion relates this failure to
the failure conditions of the laminas determined under simple
loadings. In these criteria for anisotropic materials, yield and
ultimate states are assumed analogous.14 For materials
exhibiting nonlinear behavior, the two states are not the same,
and the failure state would depend upon both stresses and
strains. A scalar function / defining the failure criterion of
materials exhibiting nonlinear behavior can be written as

/(a, €,*)= (19)

where a,e, are stress and strain states and K represent material
characteristics.

A simple scalar function dependent upon both stress and
strain states is the strain energy of the material exhibiting
nonlinear behavior. In the case of an orthotropic material,
strain energies, under uniaxial tension and compression along
and transverse to the material axes, and shear are independent
parameters. To measure the level of the effect of both stress
and strain states on the orthotropic materials under a com-
bined stress state, a simple scalar function is a linear com-
bination of functions of different strain energies. In this form
it can be written as

(20)

where e/y are the current strain components and m^ are the
parameters defining the shape of the failure surface in the
strain-energy space. The failure criterion is based upon total
strain energies. It includes the effect of hydrostatic loading.
This inclusion is necessary to allow for the heterogeneous
deviatoric stress field caused in fiber-reinforced composites by
the hydrostatic loading. 15

Equation (20), using contracted notation, and specialized
for the plane stress condition, becomes

(21)

(22)

rr ~im/ rr ~\
j \ ajde, +K2\\ ^2de2

L - J e j J 1— Je2 J

Using the results of tests under simple load conditions,

K,=
-| -mi ^

where eiu are the ultimate normal (tensile or compressive) and
shear strains. The shape of the failure surface [Eq. (21)] in the
strain-energy space is determined by the shape factor, m,. For
m]=m2=m6 = m = 2, it is spherical and for m1=m2 = m6
= m = 1, it is a pyramidal surface.

This criterion for three values of the parameter m, namely,
m = l/2, 1, and 2, is compared with some of the other failure
theories for boron-epoxy material systems. The comparison is
confined to the first quadrant of the stress space (Fig. 2). At
present there are no reliable experimental data for boron-
epoxy unidirectional laminas under biaxial stress states which

could be used to determine suitable values of m1,m2, and m6.
For the study reported herein, m1=m2=m6 is taken to be
unity. In this form the three terms of Eq. (21) are the ratios of
current energy levels (due to longitudinal, transverse, and
shear loading) to the maximum available ones. When the sum
of the three ratios equals unity, the lamina degrades com-
pletely, and the three ratios at that time are contributions to
degradation made by longitudinal, transverse, and shear
stresses acting on the lamina.

IV. Analytical-Experimental Correlation

There are four methods which account for some form of
nonlinearity of the lamina stress-strain curves. For the pur-
pose of analytical-experimental correlation, however, only
three techniques (Hahn, Petit and Waddoups, and the present
approach) have been used. In Hahn's method only the shear
stress-strain behavior of the lamina is assumed to be
nonlinear. The use of Eq. (1) to approximate the nonlinear
shear curve is too restrictive. The other two techniques are
similar in some respects but differ in others. They are com-
pared in the following paragraphs:

1) Both methods allow all of the lamina stress-strain curves
to be nonlinear. Petit and Waddoups use a piecewise linear
representation, whereas the present method employs
piecewise cubic spline functions. The latter provides not only
a more accurate representation of the lamina curves using
fewer data points but also permits easy use of a predictor-
corrector and iterative approach to determine laminate
behavior under incremental loading.

2) In the Petit-Waddoups technique it is assumed that the
tangent modulus relative to one material axis is not influenced
by the presence of stresses in the other directions. If the
lamina stress-strain curves are highly nonlinear, this assump-
tion has a significant effect upon the laminate stress-strain
response. For example, if the longitudinal lamina stress is ten-
sile and the transverse stress is compressive, the longitudinal
tangent modulus will be less than the one when there is no
transverse stress. This situation is reversed if the transverse
stress is tensile. However, in the present technique the effect
of the presence of transverse stresses is allowed for in the
determination of the tangent moduli.

3) Both methods use lamination theory to generate the
laminate compliance which is used to compute laminate strain
increments under the applied stress increment. These laminate
strain increments are added to those obtained previously to
determine current strains. In the Petit-Waddoups technique
these strains are used to compute the laminate compliance for
the next load increment. This technique is essentially a predic-
tor type. In the present analysis, the strains are used to deter-
mine average laminate compliance for the same load in-
crement, and a new set of laminate strains are obtained. This
procedure is repeated until the difference between two con-
secutive sets of laminate strains is less than the prescribed
value.

The difference between this predictor-corrector and
iterative technique and that of Petit and Waddoups is
illustrated in Fig. 3. Figure 3 indicates the relationship of the
response under uniaxial loading of a ±45° laminate to that of
the lamina. Although, for the sake of clarity, only the shear
stress-strain curve of the lamina is shown in Fig. 3, the effects
of longitudinal and transverse stress-strain curves have been
allowed for in the laminate behavior. Using the laminate com-
pliance corresponding to the point 0 of the lamina curves, the
laminate strain increment for a stress increment of 12 ksi is
computed. It yields a total axial-laminate strain exl. In the
case of Petit and Waddoups, the strain ex} is used to deter-
mine lamina strains ylt etc., to compute laminate compliance
for the next load increment. In the present approach, a new
laminate compliance corresponding to the lamina point A
(average of y0 and yl9 etc.) is computed to yield a laminate
strain ex2. This procedure is repeated for the lamina point B,
etc., until the difference between two values of the laminate
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Fig. 1 Strain (e2) vs biaxial stress field (a;, o
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Fig. 2 Comparison of various strength theories.
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Fig. 3 Lamina-laminate response.

strains is smaller than a predetermined value. It is obvious
from Fig. 3 that the laminate stress-strain curve based upon
the Petit-Waddoups technique depends upon the size of load
increments giving rise to cumulative error. On the other hand,
the present approach is practically independent of the size of
load increments. In this iterative procedure strains converge
rapidly to the correct values.

4) In terms 1-3, the factors influencing the stress-strain
response of the laminate under incremental loading were
discussed. The incremental loading cannot proceed in-
definitely. Presently a stage is reached when a lamina or
laminas in the laminate can sustain no more load. This stage is
determined by a failure criterion. Petit and Waddoups

REFERENCE 17
15° OFF-AXIS SPECIMEN
30° OFF-AXIS SPECIMEN
45° OFF-AXIS SPECIMEN
60° OFF-AXIS SPECIMEN
75° OFF-AXIS SPECIMEN

i i
5000 10000 15000 20000 25000 30000 35000
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Fig. 4 Lamina shear response.
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Fig. 5 Lamina transverse tension response.
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Fig. 6 Boron-epoxy 15° off-axis coupon.

hypothesize that the failure of the lamina occurs when any of
the strain components relative to the material axes reaches a
limiting value established by simple tests. In this criterion it is
assumed tactitly that the strain along one material axis is not
influenced by the presence of stresses along other axes. For a
tension-tension case, the criterion will yield higher failure
stress than stress corresponding to simple load condition. In
the case of tension-compression loading, the failure stress
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2000 4000 6000 8000 10000 12000 14000

Fig. 7 Boron-epoxy 30° off-axis coupon.
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Fig. 8 Boron-epoxy 45° off-axis coupon.
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Fig. 9 Boron-epoxy 60° off-axis coupon.

would be lower. In the present approach, the failure condition
of the lamina or laminas is determined by using Eq. (21),
which allows for all of the stress components. This criterion is
new, but rational, for orthotropic materials exhibiting
nonlinear behavior. For determining the values of m],m2,
and m6, reliable experimental data are required. In the form
presented herein, m1=m2 = m6 = m = \\s assumed.

Experimental data for the purpose of analytical-
experimental correlation are obtained using a boron-epoxy
material system. The curves obtained under simple load con-
ditions16 are compared with resolved stress-strain curves
(Figs. 4 and 5) of off-axis coupons.17 The proximity of the

———— EXPERIMENTAL
— — PRESENT THEORY
—— • PETIT-WADDOUPS
—— ••- HAHN

0 2000 4000 6000 8000 10000
STRAIN € x IN/IN x 10"6

Fig. 10 Boron-epoxy 75° off-axis coupon.

1 5 0 0 0 2 0 0 0 0 25000 30000 35000

SHEAR STRAIN 7\2 IN^IN x 10~6

Fig. 11 Stress ax vs strains along material axes of 15° boron-epoxy
off-axis coupon.

two sets of curves substantiates the premise that the boron-
epoxy laminae tend to retain orthotropic characteristics at all
load levels, i.e., shear stresses are functions of shear strains,
and normal stresses are functions of normal strains only.

A computer program incorporating the concepts of Sec. II
and III is utilized to predict the response of off-axis and angle
ply laminates. In addition to this, analytical curves are ob-
tained using the method of Ref. 5 (RD5 computer program)
and of Refs. 6 and 7.

A. Off-Axis Coupons

Experimental data for unidirectional off-axis boron-epoxy
coupons used in the analytical-experimental correlation are
taken from Ref. 17. In the experimental program, 0.5-in-wide
specimens with an aspect ratio of 16 in the test section were
used. Each was instrumented with a strain gage rosette located
at the edge of the specimen.

Stress-strain curves for 15°, 30°, 45°, 60°, and 75° off-axis
coupons obtained experimentally17 and using the three
analytical techniques are shown in Figs. 6-10. As seen from
Fig. 11, the response of the 15° off-axis coupon is determined
mainly by the lamina shear stress-strain behavior. The shear
effect contributes 94.14% to the total degradation of the
coupon. The stiffer shear stress-strain response of the lamina
as compared to that of the 15° coupon (Fig. 4) is reflected in
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Fig. 12 Boron-epoxy 15° off-axis coupon tested in-house.
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Fig. 13 Percentage contribution to degradation of off-axis
specimens.
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Fig. 14 Response of ±30° laminate subjected to stress ax only.
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Fig. 15 Response of ±45° laminate subjected to stress ax only.
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Fig. 16 Response of ±60° laminate subjected to stress ax only.

the deviation observed between the predicted analytical and
experimental response. It probably is due to strain
measurements being affected by edge effects. To verify this
effect, the 15° off-axis coupon was tested. In this test, strain
gage rosettes were located at the center of the midsection of a
1-in. side specimen. The results of the test are shown in Fig.
12. It is seen from the figure that the experimental curve is
very close to the curve predicted by using in-house generated
basic properties data. However, the experimental strength
(point A of Fig. 12) is smaller than the predicted one (point B
of Fig. 12). The lower experimental strength is due to the
nonuniform stress field in the coupon. To substantiate this
premise, the coupon was analyzed using a finite-element
technique in conjunction with the concepts of Sec. II and III.
The strength of the coupon so obtained was almost identical
to the experimental one. Presumably experimental results of
30°, 45°, 60°, and 75° off-axis coupons are affected similarly.

With increasing orientation of fibers, the effect of the
lamina transverse stress-strain response on the behavior of
off-axis coupons increases, and at the same time the shear ef-
fect diminishes. This trend is observed easily in Fig. 13,
wherein three energy ratio (longitudinal, transverse, and
shear) curves corresponding to failure conditions are shown as
percentage contributions to degradation for various fiber
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Fig. 17 Strength envelope for ±45° laminate.
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Fig. 18 Percentage contribution to degradation of ±a° laminates
subjected to stress ax only.

orientations. These contributions determine the failure modes
of the coupons. For orientation angles greater than 60°, the
contribution to failure by the transverse effect exceeds
87.97%. Under these conditions the analytical curves (Fig. 9
and 10), based upon Ref. 6, which does not allow for the
nonlinearity of the transverse stress-strain of the lamina,
deivate more from the experimental behavior. There is a bet-
ter agreement between the experimental stress-strain curves
and the analytical responses based upon the concepts pre-
sented here than those of Refs. 5 and 6 (paragraphs 1-3). The
difference in the strength predicted by the present technique
and that of Ref. 5 is due to reasons discussed earlier.
However, experimental and predicted strengths tend to
diverge with increasing orientation especially for the fiber
orientation greater than 45 °. This divergence may be due to
the nonuniformity of the stresses in the test section, the width-
effect of the specimens, residual stresses, etc.

B. Angle Ply Laminates

In the case of angle ply laminates, the available ex-
perimental data required to validate the concepts of Sees. II
and III are quite meager. They consist essentially of results
for laminates subjected to uniaxial tensile loads. Some ex-
perimental strength data from biaxial tests on ±45° laminates
are reported in Ref. 18. In Figs. 14-16 experimental responses
of ±30°, ±45°, and ±60° laminates17 subjected to uniaxial
loads are compared with the analytical results obtained using

STRESS ff KSI

Fig. 19 Strength enveloped for ± ct° laminates.

the present theory and the techniques of Refs. 5 and 7. The ex-
perimental stress-strain curves agree more closely with the
stress-strain curves based upon the present theory than those
using the other two techniques.

Experimental stress-strain plots for ±45° laminates sub-
jected to biaxial loading are not available in the literature.
Hence no comparison is possible. However, a comparison of
predicted and experimental strengths is shown in Fig. 17. The
experimental data indicate large scatter, and no definite con-
clusion can be drawn.

Because of the lack of sufficient experimental data, full
corroboration of the proposed analytical technique as applied
to angle ply laminates is not feasible, but some insight into
their behavior may be obtained from Figs. 18 and 19. It is ob-
served from Fig. 18 that 1) for ce = 0°-30°, longitudinal con-
tribution to degradation decreases, and shear and transverse
contributions increase (transverse stresses being compressive);
2) for oc=45°, shear contribution reaches a maximum of
97.57%, with longitudinal and transverse contributions being
0.71% and 1.72%; and 3) for a-600-90°, the failure is
essentially a transverse failure. In Fig. 19, it is seen that, with
increasing fiber orientation, transverse laminate strength ten-
ds to increase with decreasing longitudinal strength. The
points of maximum curvature on the strength envelopes
correspond to the fibers being stressed most highly. In other
regions either the transverse or the shear contribution to
degradation dominates.

V, Conclusions

It has been shown that the incremental constitutive
relations in conjunction with the failure criterion proposed
herein provide suitable analytic means for predicting the
behavior of off-axis and angle ply laminates under general
stress states using only the lamina property data obtained un-
der simple load conditions. This technique easily can be ex-
tended to the study of multidirectional laminates with some
additional postulates. The study has indicated the need to im-
prove test techniques to eliminate the gray area that exists be-
tween theory and experiment.
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